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A COMPLETE SOLUTION OF MARKOV’S PROBLEM ON CONNECTED 

GROUP TOPOLOGIES 

DIKRAN DIKRANJAN AND DMITRI SHAKHMATOV 


Abstract. Every proper closed subgroup of a connected Hausdorff group must have index at least 
c, the cardinality of the continuum. 70 years ago Markov conjectured that a group G can be 
equipped with a connected Hausdorff group topology provided that every subgroup of G which is 
closed in all Hausdorff group topologies on G has index at least :. Counter-examples in the non- 
abelian case were provided 25 years ago by Pestov and Remus, yet the problem whether Markov’s 
Conjecture holds for abelian groups G remained open. We resolve this problem in the positive. 


As usual, Z denotes the group of integers, Z(n) denotes the cyclic group of order n, N denotes 
the set of natural numbers, P denotes the set of all prime numbers, |A| denotes the cardinality of 
a set A, c denotes the cardinality of the continuum and co denotes the cardinality of N. 

Let G be an abelian group. For a cardinal a, we use to denote the direct sum of a many 
copies of the group G. For m G N, we let 

mG = {mg : g € G} and G[m\ = {g ^ G ■. mg = 0}, 

where 0 is the zero element of G. The group G is bounded (or has finite exponent) if mG = {0} for 
some integer m > 1; otherwise, G is said to be unbounded. We denote by 

(1) t{G) = U OH 

mgN 

the torsion subgroup of G. The group G is torsion if t{G) = G. 

As usual, we write G = H when groups G and H are isomorphic. 

All topological groups and all group topologies are assumed to be Hausdorff. 

1. Markov’s problem for abelian groups 

Markov [HIES says that a subset A of a group G is unconditionally closed in G if A is closed 
in every Hausdorff group topology on G. 

Every proper closed subgroup of a connected group must have index at least c0 Therefore, if 
a group admits a connected group topology, then all its proper unconditionally closed subgroups 
necessarily have index at least c; see [23]. Markov |23l Problem 5, p. 271] asked if the converse is 
also true. 

Problem 1.1. If all proper unconditionally closed subgroups of a group G have index at least c, 
does then G admit a connected group topology? 

Definition 1.2. For brevity, a group satisfying Markov’s condition, namely having all proper 
unconditionally closed subgroups of index at least c, shall be called an M-group (the abbreviation 
for Markov group). 
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^Indeed, if H is a proper closed subgroup of a connected group G, the the quotient space G/H is non-trivial, 
connected and completely regular. Since completely regular spaces of size less than c are disconnected, this shows 
that \G/H\ > c. 
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Adopting this terminology, Markov’s Problem 11.11 reads: Does every M-group admit a connected 
group topology? 

A negative answer to Problem 1 1.1 1 was provided first by Pestov [23j, then a much simpler counter¬ 
example was found by Remus [25]. Nevertheless, the question remained open in the abelian case, 
as explicitly stated in [25] and later in [21 Question 3.5.3] as well as in [H Question 3G.1 (Question 
517)]. 

Question 1.3. Let G be an abelian group all proper unconditionally closed subgroups of which 
have index at least c. Does G have a connected group topology? 


An equivalent re-formulation of this question using the notion of an M-group reads: Does every 
abelian M-group admit a eonneeted group topology? 

Since the notion of an unconditionally closed subset of a group G involves checking closedness of 
this set in every Hausdorff group topology on G, in practice it is hard to decide if a given subgroup 
of G is unconditionally closed in G or not. In other words, there is no clear procedure that would 
allow one to check whether a given group is an M-group. Our next proposition provides an easy 
algorithm for verifying whether an abelian group is an M-group. Its proof, albeit very short, is 
based on the fundamental fact that all unconditionally closed subsets of abelian groups are algebraic 
m Corollary 5.7]. 

Proposition 1.4. An abelian group G is an M-group if and only if, for every m G N, either 
mG = {0} or \mG\ > c. In particular, an abelian group G of infinite exponent is an M-group 
precisely when \mG\ > c for all integers m > 1. 

Proof. According to [TOl Corollary 5.7] and [TT] Lemma 3.3], a proper unconditionally closed sub¬ 
group H oi G has the form H = G\m] for some integer m > 1. Since G/G[rn\ = mG, the index of 
H coincides with \G/H\ = \G/G[m]\ = |mG|. □ 

According to the Priifer theorem |15( Theorem 17.2], a non-trivial abelian group G of finite 
exponent is a direct sum of cyclic subgroups 

mp 

(2) G= 0 

P£'it(G) *=1 

where Tr{G) is a non-empty finite set of primes and the cardinals ap^i are known as Ulm-Kaplanski 
invariants of G. Note that while some of them may be equal to zero, the cardinals otp^rup must be 
positive; they are called leading Ulm-Kaplanski invariants of G. 

Based on Proposition 11.41 one can re-formulate the Markov property for abelian groups of finite 
exponent in terms of their Ulm-Kaplanski invariants: 


Proposition 1.5. A non-trivial abelian group G of finite exponent is an M-group if and only if all 
leading Ulm-Kaplanski invariants of G are at least c. 


Proof. Write the group G as in ([2]) and let k = ngg 7 r(G) exponent of G. In order to 

compute the leading Ulm-Kaplanski invariant ap,mp for p G 7r(G), let 


k^ = ^=pm,-l 
p 


n ^ 

g€7r(G)\{p} 


Then kpG = 

(3) 1 < \kpG\ 


pOip.mp jf ap^mp is finite 
ap,mp if ap,mp is inhnite. 


If G is an M-group, then |A;pG| > c by ([3]) and Proposition 11.41 so ap,mp > c as well. 
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Now suppose that all leading Ulm-Kaplanski invariants of G are at least c. Fix m E N with 
\mG\ > 1. There exists at least one p E vr(G) such that p™'?’ does not divide m. Let d be the 
greatest common divisor of m and k. Then mG = dG, hence from now on we can assume without 
loss of generality that m = d divides k. As does not divide m, it follows that m divides kp. 
Therefore, kpG is a subgroup of mG, and so \mG\ > \kpG\ = ctp^rup > c by ([3]). This shows that, for 
every m E N, either mG = {0} or \mG\ > c. Therefore, G is an M-group by Proposition 11.41 □ 

Kirku |20] characterized the abelian groups of hnite exponent admitting a connected group 
topology. 

Theorem 1.6. [201 Theorem on p. 71] If all leading Ulm-Kaplanski invariants of a non-trivial 
abelian group G of finite exponent are at least c, then G admits a pathwise connected, locally 
pathwise connected group topology. 

In view of Proposition 11.51 Kirku’s theorem can be considered as a partial positive answer to 
Question 11.31 

Corollary 1.7. Each abelian M-group of finite exponent admits a pathwise connected, locally path- 
wise connected group topology. 

Proof. Obviously, the only group topology on the trivial group is both pathwise connected and 
locally pathwise connected. For a non-trivial abelian group of finite exponent, the conclusion 
follows from Proposition 11.51 and Theorem 11.61 □ 

The main goal of this paper is to offer a positive solution to Markov’s problem in the case 
complementary to Corollary 11.71 namely, for the class of abelian groups of infinite exponent. In 
order to formulate our main result, we shall need to introduce an intermediate property between 
pathwise connectedness and connectedness. 

Definition 1.8. We shall say that a space X is densely pathwise connected (abbreviated to dp- 
connected) provided that X has a dense pathwise connected subspace. 

Clearly, 

(4) pathwise connected —dp-connected ^ connected. 

Obviously, a topological group G is dp-connected if and only if the arc component of the identity 
of G is dense in G. 

As usual, given a topological property we say that a space X is locally IX* provided that for 
every point x E X and each open neighbourhood U oi x one can find an open neighbourhood V 
of X such that the closure of 17 in X is contained in U and has property IX. It follows from this 
definition and (jl|) that 

locally pathwise connected —> locally dp-connected locally connected. 

Theorem 1.9. Every abelian M-group G of infinite exponent admits a dp-connected, locally dp- 
connected group topology. 

The proof of this theorem is postponed until Section O It is worth pointing out that not only 
the setting of Theorem 11.91 is complimentary to that of Corollary 11.71 but also the proof of Theorem 
11.91 itself makes no recourse to Corollary 11.71 

The equivalence of items (i) and (ii) in our next corollary offers a complete solution of Question 

Ol 

Corollary 1.10. Eor an abelian group G, the following conditions are equivalent: 

(i) G is an M-group; 

(ii) G admits a connected group topology; 
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(iii) G admits a dp-connected, locally dp-connected group topology. 

A classical theorem of Eilenberg and Pontryagin says that every connected locally compact 
group has a dense arc component |26l Theorem 39.4(d)], so it is dp-connected. In [16], one can find 
examples of pseudocompact connected abelian groups without non-trivial convergent sequences, 
which obviously implies that their arc components are trivial (and so such groups are very far from 
being dp-connected and locally dp-connected). Under CH, one can find even a countably compact 
group with the same property [28]. (A rich supply of such groups can also be found in [9|.) Our 
next corollary is interesting in light of these results. 

Corollary 1.11. If an abelian group admits a connected group topology, then it can he equipped 
with a group topology which is both dp-connected and locally dp-connected. 

Our last corollary characterizes subgroups H of a given abelian group G which can be realized 
as the connected component of some group topology on G. 

Corollary 1.12. For a subgroup H of an abelian group G, the following conditions are equivalent: 

(i) G admits a group topology FF such that H coincides with the connected component of{G, 

(ii) H admits a connected group topology; 

(iii) H is an M-group. 

Proof. The implications (i) —)■ (ii) and (ii) —> (iii) are clear. To check the implication (iii) —)• (i), 
assume that H is an M-group. Applying the implication (i) —(ii) of Corollary 11.101 we can find 
a connected group topology =3^ on H. Let be the group topology on G obtained by declaring 
{H, ^c) to be an open subgroup of (G, SI). Then if is a clopen connected subgroup of (G, iT), 
which implies that H coincides with the connected component of (G, I^). □ 

The paper is organized as follows. In Section [2] we recall the necessary background on u)-divisible 
groups, including a criterion for dense embeddings into powers of T. In Section [3] we show that 
uncountable tc-divisible groups can be characterized by a property involving large direct sums of 
unbounded groups; see Theorem 13.61 In Section [4] we use this theorem to show that every w- 
divisible group of size at least c contains a c-homogeneous rc-divisible subgroup of the same size; 
see Lemma 14.51 (A group G is c-homogeneous if G = G^'^K) The importance of the notion of 
c-homogeneity becomes evident in Section (5] where we recall the classical construction, due to 
Hartman and Mycielski [18], assigning to every group a pathwise connected and locally pathwise 
connected topological group. We establish some additional useful properties of this construction and 
use them to prove that every c-homogeneous group admits a pathwise connected, locally pathwise 
connected group topology; see Corollary 15.31 In Section E] we combine Lemma 14.51 Corollary 15.31 
and dense embeddings of rc-divisible groups into powers of T to obtain the proof of Theorem 11.91 
Finally, in Section [3 we introduce a new cardinal invariant useful in obtaining a characterization 
of countable groups that contain infinite direct sums of unbounded groups, covering the case left 
open in Theorem 13.61 


2. Background on ^-divisible groups 
We recall here two fundamental notions from [4]. 

Definition 2.1. [4] An abelian group G is called w-divisible if |mG| = |G| for all integers m > 1. 
Definition 2.2. [3] For an abelian group G, the cardinal 
(5) Wd{G) = min{|nG| : n G N \ {0}} 

is called the divisible weight of gH 

^This is a “discrete case” of a more general definition given in [4] involving the weight of a topological group, 
which explains the appearance of the word “weight” in the term. 
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Obviously, Wd{G) < |G|, and G is w-divisible precisely when Wd{G) = |G|. Furthermore, we 
mention here the following easy fact for future reference: 

Fact 2.3. H p. 255] If m is a positive integer such that Wd{G) = \mG\, then mG is a w-divisible 
subgroup of G. 

Using the cardinal Wd{G), the last part of Proposition 11.41 can be re-stated as follows: 

Fact 2.4. An abelian group G of infinite exponent is an M-group if and only if Wd{G) > c. 

Fact 2.5. H Claim 3.6] Let n be a positive integer, let Gi,G 2 , ■■■, Gn be abelian groups, and let 

G = etlG^■ 

(i) WdiG) = max{wd{Gi) : i = 1,2, ... ,n}. 

(ii) G is w-divisible if and only if there exists index i = 1,2,... ,n such that |G| = \Gi\ and Gi 
is w-divisible. 

The abundance of rc-divisible groups is witnessed by the following 

Fact 2.6. |161 Lemma 4.1] Every abelian group G admits a decomposition G = K (B M, where K 
is a bounded torsion group and M is a w-divisible group. 

An alternative proof of this fact can be found in [5]; a particular case is contained already in [4]. 
The next fact describes dense subgroups of T'^ in terms of the invariant Wd{G). (Recall that, for 
every cardinal k, logK = min{iT : k < 2'^}.) 

Fact 2.7. For every cardinal k> c, an abelian group G is isomorphic to a dense subgroup ofT'^ if 
and only if log k < Wd{G) < |G| < 2'^. 

Proof. For k = c, this is m Corollary 3.3], and for k > c this follows from the equivalence of items 
(i) and (ii) in [T2l Theorem 2.6] and ([5]). □ 

Corollary 2.8. Let r be an infinite cardinal. For every abelian group G satisfying r < Wd{G) < 
|G| < 2^ , there exists a monomorphism vr : G ^ such that tt{G) is dense in . 

Proof. Let k = 27. Then k > c and logK < r < Wd{G) < |G| < 2^'^ = 2^, so the conclusion follows 
from Fact 12.71 □ 

3. Finding large direct sums in uncountable ic-divisible groups 

For every p € P, we use rp{G) to denote the p-rank of an abelian group G [T5l Section 16], while 
ro(G) denotes the free rank of G [ISl Section 14]. 

Definition 3.1. Call an abelian group G strongly unbounded if G contains a direct sum ©jg/Aj 
such that |/| = |G| and all groups Aj are unbounded. 

Remark 3.2. (i) If Ff is a subgroup of an abelian group G such that \H\ = |G| and H is strongly 
unbounded, then G is strongly unbounded as well. 

(ii) An abelian group G satisfying ro(G) = |G| is strongly unbounded. 

Lemma 3.3. A strongly unbounded abelian group is w-divisible. 

Proof. Let G be a strongly unbounded abelian group. Then G contains a direct sum A, as in 
Definition 13.11 

Let n be a positive integer. Clearly, each nA* is non-trivial, and nA = 0jg/nAj, so |nG| > 
\nA\ > |/| = |G|. The converse inequality |nG| < |G| is trivial. Therefore, G is tc-divisible by 
Definition 12.11 □ 

In the rest of this section we shall prove the converse of Lemma 13.31 for uncountable groups. 
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Lemma 3.4. Let p he a prime number and r be an infinite cardinal. For every abelian p-group G 
of cardinality t, the following conditions are equivalent: 

(i) G contains a subgroup algebraically isomorphic to L^p\ where Lp 

(ii) G is strongly unbounded; 

(iii) rp{p^G) > r for every n € N; 

(iv) rp{Sn) > T for each n G N, where Sn = p'^G\p'^~^^]. 

Proof. Since Lp is unbounded and |G| = r, the implication (i) —>■ (ii) follows from Definition 13.11 

(ii) —>• (iii) Let n € N be arbitrary. Since G is strongly unbounded, G contains a direct sum 

i such that |/| = \G\ = T and all groups Ai are unbounded. Thus, the subgroup p'^G of G 
contains the direct sum of non-trivial p-groups p^Aj. Since rJp^AA > 1 for every i G I, 

it follows that r,(p^G) m 

(iii) —)• (iv) Note that (p”G)[p] = Sn, so rp{p^G) = rp{Sn) for every n G N. 

(iv) (i) Note that each S'n+i is a subgroup of the group Sn, and therefore, the quotient group 
Sn/Sn+i is well-defined. We consider two cases. 

Case 1. There exists a sequence 0 < mi < m 2 < ... < mk < ... of natural numbers such that 
\Sm^-i/Snif. I > T for every A; G N. In this case for every /c G N one can find a subgroup I 4 of S^f,-! 
of size T with I 4 H Sm^. = {0}. Then the family {I 4 : A: G N} is independent; that is, the sum 
X)fcgis}14 is direct. Since I 4 is a subgroup of Sm^-i, one can find a subgroup Nk of G such that 
Nk = Z(p'"'“)('^) and Nk\p] = I 4 . Now the family {Nk : A; G N} is independent; see [H Lemma 3.12]. 
The subgroup N = ^ken^k ^ isomorphic to 0fcgis} so N contains a copy of L^\ 

Case 2. There exists mo G N such that \Sm/Sm+i\ < t for all m > mo. Note that in this 
case |5'mo/<S'mo+fc| < t for every A; G N. Since r is infinite and rp{Smo) ^ by (i^), we can fix an 
independent family 'F = {I 4 : A: G N} in Smo such that I 4 — Z(p)('^) for all A: G N. For every A: G N 
consider the subgroup Wk = 14 fl Sm^+k of 14. Since the family F is independent, so is the family 
W = {Wk:k£ N}. 

Let A; G N. The quotient group VkjWk is naturally isomorphic to a subgroup of Smo/Smo+k, 
and thus |I4/ITfc| < \Smo/Smo+k\ < This yields Wk — Vk — Z(p)4), Since Wk is a subgroup of 
Smo+k, there exists a subgroup Nk of G such that Nk = and Nk\p] = Wk. 

Since the family W is independent, the family +Y = {Nk : k G N} is independent too; 
see again [9l Lemma 3.12]. Therefore, +V generates a subgroup ^keN^k of G isomorphic to 
^^gj!^Z(p™°'’'^'’'^)('^). It remains only to note that the latter group contains an isomorphic copy of 

(r) 

the group Lp . □ 

Lemma 3.5. An uncountable torsion w-divisible group H is strongly unbounded. 

Proof. Recall that H = 0pgpFAp, where each Hp is a p-group [l5l Theorem 8.4]. Let r = ji4j and 
= rp{H) = rp{Hp) for all p G P. Since H is uncountable, r = sup^gpUp. We consider two cases. 
Case 1. There exists a finite set F C P such that suppgp^p^ ap < r. In this case, H = Gi © G 2 , 
where Gi = ^p^pHp and G 2 = 0pgp\_p^fp- Note that IG 2 I < w + suppgpyp^cjp < r = \H\, as 
H is uncountable. Since FA = Gi © G 2 is tc-divisible, from Fact 12.51 (ii) we conclude that Gi is 
tc-divisible and jGij = jFAj. This implies that the finite set F is non-empty. Applying Fact 12.51 (ii) 
once again, we can find p G F such that Hp is rc-divisible and jiFpj = jGij = \H\ = r. 

Let n G N. Since Hp is a rc-divisible p-group, \p"'Hp\ = \Hp\ = r. Since r is uncountable and 
p^Hp is a p-group, rp(p^Hp) = \Hp\. Applying the implication (iii)—)-(ii) of Lemma ITTI we obtain 
that Hp is strongly unbounded. Since jiFpj = r = \H\, the group H is strongly unbounded by 
Remark 13.21 lib 

Case 2. suppgp^p’ ap = t for all hnite sets F C P. For each p G P choose a p-independent subset 
Sp of Hp\p] with jS'pj = fjp. Let S = UpeP'^p- easily see that the assumption of Case 2 
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implies the following property: 

(6) If y C 5 and |y| < r, then the set {p G P : Sp \ y / 0} is infinite. 

By transfinite induction, we shall construct a family {Xa : a < r} of pairwise disjoint countable 
subsets of S such that the set Pq, = {p G P : Xa n 5p / 0} is infinite for each a < t. Basis 
of induction. By our assumption, infinitely many of sets Sp are non-empty, so we can choose a 
countable set Xq C S such that Pq is infinite. 

Inductive step. Let a be an ordinal such that 0 < a < r, and suppose that we have already 
defined a family {Xp : /3 < a} of pairwise disjoint countable subsets of S such that the set Pp is 
infinite for each j3 < a. Since a < t and r is uncountable, the set Y = IJ{^/3 ■ (3 < a} satisfies 
|y| < w + |q;| < r. Using ([6]), we can select a countable subset Xa of 5\y which intersects infinitely 
many 5p’s. 

The inductive construction been complete, for every a < t, let Aa be the subgroup of H generated 
by Xa- Since Pa is infinite, Aa contains elements of arbitrary large order, so Aa is unbounded. 
Since the family {Xa : a < r} is pairwise disjoint, the sum Yla<T ~ 0o<t direct. Since 
\H\ = T, this shows that H is strongly unbounded. □ 

Theorem 3.6. An uncountable abelian group is strongly unbounded if and only if it is w-divisihle. 

Proof. The “only if” part is proved in Lemma 13.31 To prove the “if” part, assume that G is an 
uncountable rc-divisible group. If ro(G) = |G|, then G is strongly unbounded by Remark 13.21 (hi. 
Assume now that ro(G) < |G|. Then |G| = \H\ and \G/H\ = ro(G) • to < |G|, where H = t{G) is 
the torsion subgroup of G; see (HD- 

Let n be a positive integer. Since nH = iL fl nG, the quotient group nG/nH = nG/{H n nG) 
is isomorphic to a subgroup of the quotient group G/H, so \nG/nH\ < \G/H\ < |G|. Since 
G is rr-divisible, |G| = |nG| by Definition 12.11 Now \nG/nH\ < \nG\ implies |niL| = |nGl, as 
|nG| = \nH\ ■ \nG/nH\. Since |nG| = |G| = \H\, this yields \nH\ = \H\. Since this equation holds 
for all n G N \ {0}, H is rc-divisible by Definition 12.11 

Since \H\ = |G| and G is uncountable by our assumption, H is an uncountable torsion group. 
Applying Lemma (3.51 we conclude that H is strongly unbounded. Since \H\ = |G|, G is also 
strongly unbounded by Remark 13.21 (i). □ 

Since every unbounded abelian group contains a countable unbounded subgroup, from Theorem 
13.61 we obtain the following 

Corollary 3.7. For every uncountable abelian group G, the following conditions are equivalent: 

(i) G is w-divisible; 

(ii) G contains a direct sum 0iG/ Ai of countable unbounded groups Ai such that |/| = |G|. 

Remark 3.8. The assumption that G is uncountable cannot be omitted either in Theorem [316] or in 
its Corollary 13.71 that is, the converse of Lemma l3.3l does not hold for countable groups. Indeed, the 
group Z of integer numbers is u^-divisible, yet it is not strongly unbounded. A precise description 
of countable strongly unbounded groups is given in Proposition 17.61 below; see also Theorem 17.71 
that unifies both the countable and uncountable cases. 

4. CJ-HOMOGENEOUS GROUPS 

Definition 4.1. For an infinite cardinal a, we say that an abelian group G is a-homogeneous if 
G ^ 

The relevance of this definition to the topic of our paper shall become clear from Corollary 15.31 
below. 

The straightforward proof of the next lemma is omitted. 
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Lemma 4.2. Let a be an infinite cardinal. 

(i) The trivial group is a-homogeneous. 

(ii) If K is a cardinal with k > a and A is an abelian group, then the group is a- 

homogeneous. 

(iii) If {Gi : i € 1} is a non-empty family of a-homogeneous abelian groups, then G = 0jg/ 
is a-homogeneous. 

Lemma 4.3. Let a he an infinite cardinal. Every abelian bounded torsion group K admits a 
decomposition K = L (L N, where \L\ < a and N is a-homogeneous. 

Proof. If K is trivial, then L = N = K work, as N is fi-homogeneous by Lemma 14.21 (i). Suppose 
now that K is non-trivial. Then K admits a decomposition K = 0”=]^ where n € N \ {0}, 

«!, 02 ,... ,an are cardinals and each Ki is isomorphic to for some pi G P and ki € N. Let 

(7) / = {i G {1, 2,... , n} : ctj < u} and J = {1,2,..., n} \ /. 

If / = 0, we define L to be the trivial group. Otherwise, we let L = 0jgj Since Ki is 

finite and Oi < a for every i ^ I, and a is an infinite cardinal, we conclude that \L\ < a. 

If J = 0, we define N to be the trivial group and note that N is u-homogeneous by Lemma 
14.21 (i). If J / 0, we let N = Let i G J be arbitrary. Since Oi > a, Lemma W?2\ (ii) 

implies that is fi-homogeneous. Now Lemma 14.21 (iii) implies that N is fi-homogeneous as 

well. 

The equality K = L (L N follows from ([7]) and our definition of L and N. □ 

For a cardinal u, we use to denote the smallest cardinal bigger than a. 

Lemma 4.4. Let a be an infinite cardinal. Every abelian group G satisfying Wd{G) > a admits a 
decomposition G = N (B H such that N is a bounded -homogeneous group and H is a w-divisible 
group with \H\ = Wd{G). 

Proof. Let G = K Q) M he the decomposition as in Fact 12.61 Use ([5]) to fix an integer n > 1 
such that Wd{G) = |nG|. Since 77 is a bounded group, mK = {0} for some positive integer m. 
Now nmG = nmK © nmM = nmM, so |nmG| = |mnM| = |M|, as M is rc-divisible. Since 
nmG C nG, from the choice of n and we get Wd{G) < |nmG| < |nG| = Wd{G). This shows 
that Wd{G) = \M\. 

By Lemma [4.3l there exist a subgroup L oi K satisfying \L\ < a and a cr"’■-homogeneous subgroup 
N of 77 such that K = L® N. Since 77 is bounded, so is N. Clearly, G = 77®M = L©A^®M = 
N (B H, where 77 = L © M. Since |M| = Wd{G) > a > \L\ and a is inhnite, |77| = |M|. In 
particular, |77| = Wd{G). Since 77 = L ® M, |77| = |M| and M is rc-divisible, 77 is tc-divisible by 
Fact 12.51 fiii. □ 

Lemma 4.5. Every w-divisible abelian group G of cardinality at least c contains a c-homogeneous 
w-divisible subgroup 77 such that \H\ = |G|. 

Proof. By Corollary 13.71 G contains a subgroup 

( 8 ) A = ^Ai, 

i£l 

where |7| = |G| and all Ai are countable and unbounded. In particular, |^| = |7| = |G|. By the 
same corollary, A itself is tc-divisible. 

Case 1. |G| > c. Note that there are at most c-many countable groups, so the sum ([8]) can be 
rewritten as 

(9) A = ^ Af ^^ 

KJ 


A COMPLETE SOLUTION OF MARKOV’S PROBLEM 


9 


for a subset J of I with | J| < c and a suitable family {kj : j € J} of cardinals such that |^| = 
supjgjKj. Define S = {j € J : kj < c}. Then ([9]) becomes 


( 10 ) 


j&j 


(Kj) 

j 




Since Kj < c for all j € S and |5| < |J| < c, we have 
equation (flO]) implies that |G| = \H\, where 




< c. 


Since |T| 


( 11 ) 


© 

jeJ\s 




|G| > c, 


(k, •) 

Let j € J \ 5 be arbitrary. Since Kj > c by the choice of 5, Aj ^ is c-homogeneous by Lemma 
02] (ii). Prom this, (llip and Lemma 14.21 (hi), we conclude that H is c-homogeneous as well. 

From (jlip . we conclude that Lf is a direct sum of |-many unbounded groups, so H is u;-divisible 
by Corollary 1,1.71 


Case 2. |G| = c. For any non-empty set P C P let 

(12) Socp(T) = 0Z(p). 

p€P 

For every prime p € P let Lp = 0^gpjZ(p"'). 

It is not hard to realize that every unbounded abelian group contains a subgroup isomorphic to 
one of the groups from the fixed family 5 = <Si U <S 2 of unbounded groups, where 


(13) = {Z} U {Z(p~) : p € P} U {Pp : p G P} and ^2 = {Socp(T) : P G [P]"^}. 

(Here [P]^^ denotes the set of all infinite subsets of P.) 

It is not restrictive to assume that, in the decomposition ([8]), Aj G <S for each i G /. For / = 1, 2 
define Ii = {i € I : Ai £ Si}. We consider two subcases. 

Subcase A. |/i| = c. For every N G 5i, define = {i € Ii : Ai = N}. Then Ji = U7 Vg<Si 
Since the family <Si is countable, |/i| = c and cf(c) > to, there exists G 5i such that \Ej\f\ = c. 
Then A (and thus, G) contains the direct sum 

(14) P = 0 iV ^ ATd^ivI) = ^{c)_ 

Clearly, H is c-homogeneous. Since |P| = c and P is a direct sum of c-many unbounded groups, 
P is rc-divisible by Corollary 13.71 


Subcase B. |/i| < c. Since I = Ii C I 2 and |/| = c, this implies that I/ 2 I = C- By discarding Ai 
with i £ Ii, we may assume, without loss of generality, that I = I 2 ] that is, Ai £ S 2 for all i £ I. 
From this, (|12l) and (jl3p . we conclude that the direct sum ([8]) can be re-written as 

(15) A = 0Z(p)('^^) 

pGP 

for a suitable family {cip : p G P} of cardinals. 


Claim 1. The set C = {p G P : Up = c} is infinite. 

Proof. Let P = {pi,P 2 , ... ,Pfc} be an arbitrary finite set. Define m = piP 2 ■ ■ - Pk- From (fl^ . 

mA = 

peF\p 
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SO 

(16) sup{cjp : p € P \ P} = \mA\ = |^| = c 

as A is iT-divisible. Note that (fT5|) implies that ap < |^| = c for every p G P. Since cf(c) > io 
and the set P \ P is countable, from (|16p we conclude that cjp = c for some p G P \ P. Therefore, 
C\P ^ Since P is an arbitrary hnite subset of P, this shows that the set C = {p G P : Up = c} 
is inhnite. □ 

By this claim, A (and thus, G) contains the direct sum 

c) ~ 

peC 

Clearly, |P| = c. Finally, since Socc’(T)*^'^) is unbounded, H is tc-divisible by Corollary 13.71 □ 




5. The Hartman-Mycielski construction 


Let G be an abelian group, and let I be the unit interval [0,1]. As usual, G^ denotes the set of 
all functions from I to G. Clearly, G^ is a group under the coordinate-wise operations. For g & G 
and t G (0,1] let gt G G^ be the function defined by 


gt{x) 


g X < t 
0 if a: > t, 


where 0 is the zero element of G. For each t G (0,1], Gt = {gt ■ g S G} is a subgroup of G^ 
isomorphic to G. Therefore, HM(G) = X]te(o i] ^ subgroup of G^. It is straightforward to 
check that this sum is direct, so that 


(17) HM(G) = 0 Gt. 

iG(0,l] 

Since Gt = G for each t G (0,1], from (fTTp we conclude that HM(G) = G^^\ It follows from this 
that HM(G) is divisible and abelian whenever G is. Thus, we have proved the following: 

Lemma 5.1. For every abelian group G, the group HM(G) is algebraically isomorphic to G^'~\ In 
particular, if G is divisible and abelian, then so is HM(G). 


In general even a group G with |G| > c need not be isomorphic to HM(G). Indeed, as shown in 
m, G is contained in HM(G) and splits as a semidirect addend. So any group G indecomposable 
into a non-trivial semi-direct product fails to be algebraically isomorphic to HM(G). 

When G is an abelian topological group, Hartman and Mycielski m equip HM(G) with a 
topology making it pathwise connected and locally pathwise connected. Let p be the standard 
probability measure on I. The Hartman-Myeielski topology on the group HM(G) is the topology 
generated by taking the family of all sets of the form 

(18) 0{U, e) = {p G ^^{{t G I : g{t) 0 U]) < e], 

where U is an open neighbourhood of 0 in G and e > 0, as the base at the zero function of HM(G). 
The next lemma lists two properties of the functor G i—?■ HM(G) that are needed for our proofs. 


Lemma 5.2. Let G he an abelian topological group. 

(i) HM(G) is pathwise conneeted and locally pathwise connected. 

(ii) If D is a dense subgroup ofG, then HM(L)) is a dense subgroup o/HM(G). 
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Proof, (i) For every g ^ G and t G (0,1], the map / : [0,t] —> HM(G) defined by f{s) = gs for 
s G [0, t] is a continuous injection, so /([O, f\) is a path in HM(G) connecting /(O) = 0 and f{t) = gt. 
Combining this with (1171) . one concludes that HM(G) is pathwise connected. 

To check that HM(G) is locally pathwise connected, it suffices to show that every set of the form 
0{U,s) as in (fT8]l is pathwise connected. Let U be an open neighbourhood of 0 in G and let e > 0. 
Fix an arbitrary h G 0{U,e) \ {0}. For each s G [0,1], define 


hs{x) 


h{x) if re < s 
0 if a: > s. 


and note that hg G 0{U,e). Therefore, the map (p : [0,1] —> HM(G) defined by (p{s) = hg for 
s G [0,t] is continuous, so (/^([0,1]) is a path in 0{U,e) connecting /(O) = 0 and /(I) = h. 

(ii) Let D he a dense subgroup of G. First, from the definition of the topology of HM(G), one 
easily sees that Dt is a dense subgroup of Gt for each t G (0,1]. Let g G HM(G) be arbitrary, 
and let W be an open subset of HM(G) containing g. By (fT7|) . g = Y17=ii9i)u some n G N, 
ffi, 52 ) • • •)€ G and ■ ■ ■ ,tn G (0,1]. Since the group operation in HM(G) is continuous, for 
every i = 1, 2,..., n we can fix an open neighbourhood Vi of {gi)ti in HM(G) such that ^ ^ 

For each i = l,2,...,n, we use the fact that Dt^ is dense in Gti to select d* G 14 D Dt^. Clearly, 
d = Y17=i^i ^ ^ Since dt G Dt^ C HM(L)) for i = l,2,...,n, it follows that 

d G HM(Il). This shows that d G HM(Zl) fl IT 7 ^ 0. □ 


Corollary 5.3. Every t-homogeneous group G admits a pathwise connected, locally pathwise con¬ 
nected group topology. 

Proof. Consider G with the discrete topology. By Lemma 15.21 (i), HM(G) is pathwise connected 
and locally pathwise connected. Since HM(G) = by Lemma [5Tl and = G by our assump¬ 
tion, we can transfer the topology from HM(G) to G by means of the isomorphism HM(G) = G. 
Therefore, G admits a pathwise connected, locally pathwise connected group topology. □ 


6. Proof of Theorem 11.91 

Lemma 6.1. Let H be a subgroup of an abelian group G and K be a divisible abelian group such 
that 

(19) < Tp{K) and rp{G) < rp{K) for all p G {0} U P. 

Then every monomorphism j : H ^ K can he extended to a monomorphism j' : G ^ K. 

Proof. Let us recall some notions used in this proof. Let G be an abelian group. A subgroup H of 
G is is said to be essential in G provided that (x) D L7 7 ^ {0} for every non-trivial cyclic subgroup 
(x) of G. As usual, Soc(G) = 0pgp G[p] denotes the socle of G. 

By means of Zorn’s lemma, we can find a maximal subgroup M of G with the property 

(20) Mr\H = {h}. 

Then the subgroup 77-|-M = H®M is essential in G. Indeed, if 0 7 ^ x G G with (i7-|-M)n(x) = {0}, 
then also ((x) -|- M) n 77 = {0}. Indeed, if 

H 3 h = kx + m ^ {x) + M 

for some 7 G Z and m G M, then 

h — m = kx ^ {H + M) C (x) = {0}; 

so 7x = 0 and h = m, which yields /i = 0 in view of (j 20 |) . 

Fix a free subgroup F of M such that M/F is torsion. Then Soc(M)07^ is an essential subgroup 
of M. Let us see first that j can be extended to a monomorphism 

(21) ji : 77 © Soc(M) © F ^ 77. 
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Since rQ{H) < rQ{K) and to(G) < rQ{K), we can find a free subgroup F' of K such that F' n 
j{H) = {0} and rQ{F') = ro(F). On the other hand, for every prime p G P, rp{H) < rp{K) and 
Tp(G) < rp{K). Hence, we can find in K\j)] a subgroup Tp ofp-rank rp{M) with Tp{^j{H)\j)\ = {0}. 
Since F' = F and Tp = M\p\ for every prime p, we obtain the desired monomorphism ji as in (I2ip 
extending j. Since the subgroup H © Soc(M) © F of G is essential in G, any extension j' : G ^ K 
of ji will be a monomorphism as ji is a monomorphism. Such an extension j' exists since K is 
divisible [151 Theorem 21.1], □ 

Lemma 6.2. Every w-divisible abelian group of size at least c admits a dp-connected, locally dp- 
connected group topology. 

Proof. Let G be a lu-divisible abelian group such that |G| = r > c. Use Lemma [4©] to find a 
ID-divisible subgroup F of G such that \F[\ = r and H = Since H is lu-divisible, Wd{H) = 

\H\ = r. By Corollary 12.81 (applied to H), there exists a monomorphism vr : F —>■ such that 
D = ti{H) is dense in where n = 2^. By Lemma 15.21 (ii), N = HM(Zl) is a dense subgroup of 
K = HM(T^). By Lemma 15.21 (i). N is pathwise connected and locally pathwise connected. 

By our choice of H, H = . Since vr is a monomorphism, H = ti{H) = D, so 

Finally, = HM(Il) = by Lemma l5.ll This allows us to fix a monomorphism j : H ^ K 
such that j{H) = N. 

Since T'^ is a subgroup of K, 

\G\ = T < 2'^ = K < rp{T'^) < rp{K) for all p G {0} U P. 

Clearly, rp{H) < \H\ < |G| and rp{G) < |G| for all p G {0} U P. Therefore, all assumptions of 
Lemma [6.II are satisfied, and its conclusion allows us to find a monomorphism j' : G ^ K extending 
j. Since G' = j'{G) contains j'{H) = j{H) = N and N is dense in K, N is dense also in G^ Since 
N is pathwise connected and locally pathwise connected, we conclude that G' is dp-connected and 
locally dp-connected. 

Finally, since j' is an isomorphism between G and G', we can use it to transfer the subspace 
topology which G' inherits from K onto G. □ 

Proof of Theorem 11.91 Let G be an M-group of infinite exponent. Then Wd{G) > c by Fact 12.41 
Therefore, we can apply Lemma 14.41 with cj = c to obtain a decomposition G = N ® H, where N 
is a bounded c'''-homogeneous group and H is a tc-divisible group such that \H\ = Wd{G) > c. By 
Lemma 14.21 fii). N is c- homogeneous as well. Corollary 15.31 guarantees the existence of a pathwise 
connected, locally pathwise connected group topology on N, and Lemma 16.21 guarantees the 
existence of a dp-connected, locally dp-connected group topology on H. The topology of 
the direct product {N, x {H, is dp-connected and locally dp-connected. Since G = N ® H 
and N X H are isomorphic, is the desired topology on G. □ 

7. Characterization of countable strongly unbounded groups 

The description of uncountable strongly unbounded groups obtained in Theorem 13.61 fails for 
countable groups, as mentioned in Remark 13.81 For the sake of completeness, we provide here a 
description of countable strongly unbounded groups. 

Following m, for an abelian group G, we let 

r(G) = max |ro(G), ^{rp(G) : p G P}| . 

The sum in this definition may differ from the supremum sup{rp(G) : p G P}; the latter may be 
strictly less than the sum, in case all p-ranks are finite and uniformly bounded. 

Remark 7.1. (i) r(G) > 0 if and only if G is non-trivial. 

(ii) If r(G) > Lo, then r(G) = |G|. 
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(iii) If G is uncountable, then r{G) = |G|. 

Replacing the cardinality |G| with the rank r{G) in Definition 12.21 one gets the following “rank 
analogue” of the divisible weight: 

Definition 7.2. For an abelian group G, call the cardinal 

(22) = niin{r(nG) : n G N \ {0}} 

the divisible rank of G. We say that G is r-divisible if rd{G) = r{G). 

The notion of divisible rank was defined, under the name of final rank, by Szele m for (discrete) 
p-groups. The relevance of this notion to the class of strongly unbounded groups will become clear 
from Proposition 17.61 below. 

Let G be an abelian group. Observe that r{nG) < \nG\ < |G| for every positive integer n. 
Combining this with ([5]) and (j22p . we get 

(23) rd{G) < Wd{G) < |G|. 

Remark 7.3. An abelian group G satisfying rd{G) = IGI is r-divisible. Indeed, rd{G) < r{G) by 
(1^ . Since r{G) < |G| holds as well, we conclude that rd{G) = r(G'). 

It turns out that the first inequality in (I23h is strict precisely when G has finite divisible rank. 
The algebraic structure of such groups is described in Proposition 17.81 below. 

Lemma 7.4. An abelian group G satisfies rfiG) < Wd{G) if and only if rd{G) is finite. 

Proof. Assume first that rd{G) is finite. We shall show that rd{G) < Wd{G). If G is bounded, then 
nG = {0} for some n G N \ {0}. Therefore, rd{G) = 0 by (f^ . while Wd{G) > 1 by dSp. If G 
is unbounded, then nG must be infinite for every n G N \ {0}, and so Wd{G) > cu by ([5]). Since 
rd{G) < oj, we get rd{G) < Wd{G) in this case as well. 

Next, suppose that rd{G) is infinite. Let n G N \ {0} be arbitrary. Then r{nG) > rd{G) > cu by 
([22]). Therefore, r{nG) = \nG\ by Remark 1 7.1 1 (ii). Since this equality holds for every n G N \ {0}, 
from ([5|) and ([^ we get rd{G) = Wd{G). □ 

The next lemma outlines the most important connections between the classes of strongly un¬ 
bounded, r-divisible and tc-divisible groups. 

Lemma 7.5. (i) If an abelian group G is strongly unbounded, then rd{G) = Wd{G) = |G|, so 

G is r-divisible and rd{G) > u. 

(ii) Every r-divisible group G satisfying rd{G) >uj is w-divisible. 

(iii) If G is an uncountable w-divisible group, then G is r-divisible. 

Proof, (i) If G is strongly unbounded, then G contains a direct sum Ai of unbounded groups 
Ai such that |/| = |G|; see Definition 13.11 Since for every integer n > 0 the group nAj remains 
unbounded, r(nAj) > 1, so r{nG) = p(0jg/RAj) > |/| = |G|. This proves the inequality rd{G) > 
|G|. Combining this with (l23]l . we conclude that rd{G) = Wd{G) = |G|. Thus, G is r-divisible by 
Remark 17.31 

(ii) Since G is r-divisible, r(G') = rd{G) by Definition 17.21 Since rd{G) > w, IG*! = r{G) by 
Remark O (ii) and rd{G) = Wd{G) by Lemma EH Therefore, IGI = Wd{G), which implies that G 
is rc-divisible. 

(iii) It follows from ([2^ that rd{G) = r{nG) for some n G N \ {0}. Since G is rc-divisible, 

|nG| = |G|. Thus, nG is uncountable, and so r{nG) = InG*! by Remark 17.11 (iii). This shows that 
rd{G) = |G|. Applying Remark 17.31 we conclude that G is r-divisible. □ 

Clearly, a strongly unbounded group must be infinite. Our next proposition describes countable 
strongly unbounded groups in terms of their divisible rank r^. 
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Proposition 7.6. A countable abelian group G is strongly unbounded if and only if r^iG) > oj. 

Proof. If G is strongly unbounded, then rd{G) > a; by Lemma 1731 (i). 

Assume now that rd{G) > uj. We shall prove that G is strongly unbounded. 

If ro(G) is infinite, then rQ^G) = |G| = u, so G is strongly unbounded by Remark 18.21 (ii). 

If TT = {p G P : rp{G) > 0} is infinite, then G contains a subgroup isomorphic to the strongly 
unbounded group H = (Indeed, if tt = IJI'S'i : i G N} is a partition of vr into pairwise 

disjoint infinite sets Si, then H = where each Aj = 0^^^, Z(p) is unbounded.) Since 

|G| = \H\ = to, Remark 13.21 (i) implies that G is strongly unbounded as well. 

From now on we shall assume that both ro(G) and tt are finite. The former assumption implies 
that r{mt{G)) = u for every integer m > 0. The latter assumption entails that there exists p G tt 
such that r{mtp{G)) = rp{mtp{G)) is infinite for all integers m > 0, where tp{G) = G N} 

is the p-torsion part of G. By the implication (hi) —(ii) of Lemma 13.41 we conclude that tp{G) is 
strongly unbounded. As |G| = |tp(G)| = oj, Remark f3.2l fii yields that G is strongly unbounded. □ 

Finally, we can unify the countable case considered above with Theorem 13.61 to obtain a descrip¬ 
tion of all strongly unbounded groups. 

Theorem 7.7. For an abelian group G the following are equivalent: 

(i) G is strongly unbounded; 

(ii) G is r-divisible and rd{G) > uj; 

(hi) G is w-divisible and r^iG) > uj. 

Proof. The implication (i) —>■ (ii) follows from Lemma [73] (i). The implication (ii) ^ (iii) follows 
from Lemma 17.51 (ii). It remains to check the remaining implication (iii) ^ (i). For a countable 
group G, it follows from Proposition 17.61 For an uncountable group G, Theorem 13.61 applies. □ 

Our last proposition clarifies the algebraic structure of abelian groups of hnite divisible rank. 

Proposition 7.8. If G is an abelian group satisfying r^iG) < uj, then G = Gq x D x B, where 
Go is a torsion-free group, D is a divisible torsion group and B is a bounded group such that 
rd{G)=ro{Go) + r{D). 

Proof. Since rd{G) < uj, it follows from (1221) that r{nG) < uj for some integer n > 0. Let t{nG) = 
F X D, where D is a divisible group and F is a reduced group. Since r{F) < r(t{nG)) < r{nG) < uj, 
the reduced torsion group F must be finite. Since D is divisible, it splits as a direct summand of nG 
[m Theorem 21.2]; that is, we can hnd a subgroup A of nG containing F such that nG = Ax D. 
Since t{A) = t{nG/D) = t{nG)/D = F is finite, we deduce from [TSl Theorem 27.5] that F splits 
in A; that is, A = F x H for some torsion-free (abelian) group H. Now nG = F x H x D. 

Let m be the exponent of the hnite group F and let k = mn. Then kG = N xD, where N = mH 
is a torsion-free group and D = niD is a divisible torsion group. In particular, N = kG/D. Since 
divisible subgroups split, G = D x Gi ioi an appropriate subgroup Gi of G. Multiplying by 
k and taking into account that kD = D, we get kG = D x kGi. This implies that the group 
kGi = kG/D = N is torsion-free. Hence, the torsion subgroup t(Gi) = Gi[k] of Gi is bounded, so 
it splits by m Theorem 27.5]; that is, Gi = t{Gi) x Go, where Go is a torsion-free group. 

We now have obtained the decomposition G = Gq x D x B, where B = t{Gi) is a bounded 
torsion group. Recalling ([22]) . one easily sees that rd{G) = ro(Go) + r{D). □ 

Remark 7.9. Let gj he a cardinal invariant of topological abelian groups. In analogy with the 
divisible weight and the divisible rank, for every topological abelian group G, one can dehne the 
cardinal 


(24) 


Pd{G) = min{<^(nG) : n G N \ {0}} 
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and call G tp-divisible provided that ^d{G) = ^{G). (This terminology is motivated by the fact 
that divisible groups are obviously (/^-divisible.) We will not pursue here a study of this general 
cardinal invariant. 


8. Open questions 

We finish this paper with a couple of questions. Now that Question 11.31 is completely resolved, 
one may try to look at variations of this question. 

One such possible variation could be obtained by asking about the existence of a connected group 
topology on abelian groups having some additional compactness-like properties. Going in this direc¬ 
tion, abelian groups which admit a pseudocompact connected group topology were characterized in 
mm the necessary condition was independently established in [3]. Recently, the authors obtained 
complete characterizations of abelian groups which admit a maximally almost periodic connected 
group topology, as well as abelian groups which admit a minimal connected group topology. 

Another possible variation of Question 11.31 is obtained by trying to ensure the existence of a 
group topology with some stronger connectedness properties. 

Question 8.1. Can every abelian M-group be equipped with a pathwise connected (and locally 
pathwise connected) group topology? 

One may wonder if Theorem 11.91 remains valid for groups which are close to being abelian. 
Question 8.2. Can Theorem 11.91 be extended to all nilpotent groups? 

Acknowledgments. The first named author gratefully acknowledges a FY2013 Long-term visitor 
grant L13710 by the Japanese Society for the Promotion of Science (JSPS). The second named 
author was partially supported by the Grant-in-Aid for Scientific Research (C) No. 26400091 by 
the Japan Society for the Promotion of Science (JSPS). 

References 

[1] W. Comfort, Problems on topological groups and other homogeneous spaces, in: Open Problems in Topology, 
J. van Mill and G. M. Reed (Eds.), North-Holland, Amsterdam, 1990, pp. 313-347. 

[2] W. W. Comfort, K.-H. Hofmann, D. Remus, Topological groups and semigroups, in: Recent progress in general 
topology (Prague, 1991), North-Holland, Amsterdam, 1992, pp. 57-144. 

[3] W. W. Comfort, D. Remus, Imposing pseudocompact group topologies on abelian groups. Fund. Math. 142 
(1993) 221-240. 

[4] D. Dikranjan, A. Giordano Bruno, w-divisible groups. Topology Appl. 155 (2008) 252-272. 

[5] D. Dikranjan, A. Giordano Bruno, A factorization theorem for topological abelian groups. Comm. Algebra 43 
(2015) 212-224. 

[6] D. Dikranjan, I. Prodanov, L. Stoyanov, Topological groups (Characters, Dualities and Minimal group topolo¬ 
gies). Marcel Dekker, Inc., New York-Basel, 1990. 

[7] D. Dikranjan, D. Shakhmatov, Pseudocompact topologies on groups. Topology Proc. 17 (1992) 335-342. 

[8] D. Dikranjan, D. Shakhmatov, Algebraic structure of pseudocompact groups. Memoirs Amer. Math. Soc. 133/633 
(1998), 83 pp. 

[9] D. Dikranjan, D. Shakhmatov, Forcing hereditarily separable countably compact group topologies on Abelian 
groups. Topology Appl. 151 (2005) 2-54. 

[10] D. Dikranjan, D. Shakhmatov, Reflection principle characterizing groups in which unconditionally closed sets 
are algebraic, J. Group Theory 11 (2008) 421-442. 

[11] D. Dikranjan, D. Shakhmatov, The Markov-Zariski topology of an abelian group, J. Algebra 324 (2010) 1125- 
1158. 

[12] D. Dikranjan, D. Shakhmatov, Hewitt-Marczewski-Pondiczery type theorem for abelian groups and Markov’s 
potential density, Proc. Amer. Math. Soc. 138 (2010) 2979-2990. 

[13] D. Dikranjan, D. Shakhmatov, A Kronecker-Weyl theorem for subsets of abelian groups, Adv. Math. 226 (2011) 
4776-4795. 

[14] R. Engelking, General Topology, 2nd edition, Heldermann Verlag, Berlin 1989. 

[15] L. Fuchs, Infinite Abelian groups, Vol. I, Academic Press, New York, 1970. 


16 


D. DIKRANJAN AND D. SHAKHMATOV 


[16] J. Galindo, S. Macario, Pseudocompact group topologies with no infinite compact subsets, J. Pure Appl. Algebra 
215 (2011) 655-663. 

[17] E. Hewitt, K. A. Ross, Abstract Harmonic Analysis, Springer Verlag, Berlin-Heidelberg-New York, 1970. 

[18] S. Hartman, J. Mycielski, On the imbedding of topological groups into connected topological groups, Colloq. 
Math. 5 (1958) 167-169. 

[19] K.-H. Hofmann, S.A. Morris, The structure of compact groups. A primer for the student—a handbook for the 
expert, de Gruyter Studies in Mathematics, 25. Walter de Gruyter & Co., Berlin, 1998. 

[20] P. I. Kirku, A criterion for the connected topologizability of periodic abelian groups of finite period, Mat. Issled. 
No. 118, Algebr. Strukt. i ikh Vzaimosvyazi (1990) 66-73 (in Russian). 

[21] A. A. Markov, On unconditionally closed sets, Comptes Rendus Dokl. AN SSSR (N.S.) 44 (1944) 180-181 (in 
Russian). 

[22] A. A. Markov, On unconditionally closed sets. Mat. Sbornik 18 (1946), 3-28 (in Russian). English translation 
in: A. A. Markov, Three papers on topological groups: I. On the existence of periodic connected topological 
groups, H. On free topological groups, HI. On unconditionally closed sets. Amer. Math. Soc. Translation 1950, 
(1950). no. 30, 120 pp.; yet another English translation in: Topology and Topological Algebra, Translations 
Series 1, vol. 8, American Math. Society, 1962, pp. 273-304. 

[23] A. A. Markov, On free topological groups, Izv. Akad. Nauk SSSR, Ser. Mat. 9 (1945), 3-64 (Russian); English 
transi., Amer. Math. Soc. Transl. Ser. 1 8 (1962) 195-272. 

[24] V. Pestov, On unconditionally closed sets and a conjecture of A.A. Markov, Sibirsk. Mat. Zh. 29 (1988) 124-132 
(Russian); English transl., Siberian Math. J. 29 (1988) 260-266. 

[25] D. Remus, A short solution of Markov’s problem on connected group topologies, Proc. Amer. Math. Soc. 110 
(1990) 1109-1110. 

[26] M. Stropel, Locally compact groups, EMS Textbooks in Mathematics 3, European Mathematical Society Pub¬ 
lishing House, Zurich, 2006. 

[27] T. Szele, On tbe basic subgroups of abelian p-groups, Acta Math. Acad. Sci. Hungar. 5 (1954) 129-141. 

[28] M. Tkachenko, Gountably compact and pseudocompact topologies on free abelian groups, Izv. Vyssh. Uchebn. 
Zaved. Mat. (1990) 68-75 (in Russian); English transl. in: Soviet Math. (Iz. VUZ) 34 (1990) 79-86. 

(D. Dikranjan) 

Dipartimento di Matematica e Informatica, Universita di Udine, Via delle Scienze 206, 33100 Udine, 

Italy 

E-mail address: dikran.dikranjan@uniud.it 
(D. Shakhmatov) 

Division of Mathematics, Physics and Earth Sciences, Graduate School of Science and Engineering, 

Ehime University, Matsuyama 790-8577, Japan 
E-mail address: diiiitri.shakhiiiatov@ehime-u.ac.jp 



